MINIMAL REPRESENTATIONS OF SIMPLE REAL LIE GROUPS 
OF HERMITIAN TYPE - THE FOCK MODEL 



Dehbia ACHAB 

Abstract In the recent paper [Achab 2012], a unified geometric realization 
to the minimal representations of simple real Lie groups of non Hermitian 
type is given, based on the geometric setting introduced in [Achab 2011] 
and the analysis of the Brylinski-Kostant model, given in [Achab-Faraut 
2012]. We give in this paper a unified geometric realization to the minimal 
representations of simple real Lie groups of Hermitian type. 

Key words: Minimal representation, Lie algebra, Jordan algebra, Confor- 
mal group, 

Mathematics Subject Index 2010:17C36, 22E46, 32M15, 33C80. 



Introduction 

1. Construction process of complex simple Lie algebras and real forms 
of Hermitian type. 

2. L]R-invariant Hilbert subspaces of 0(B) and 0{B a ) . 

3. Representations of the Lie algebra. 

4. Unitary representations of the corresponding real Lie group. 

5. The SL(2,M)-case. 
References 



1 



Introduction. — 

In the paper [Achab, 2011] the following principles were established: 

1) Given a complex simple Jordan algebra V of rank r and dimension n, 
and a homogeneous polynomial Q of degree 2r on V (Q(v) = A(v ) 2 where 
A is the determinant on V) there is a covering Kof order one or two, of 
the conformal group Conf(V : Q) and a co cycle ft : K x V ^ C such that 
the corresponding cocycle representation of K on the polynomial functions 
on V leaves the space p, spanned by Q and its translates z h-> Q(z — a) 
with a G V, invariant, producing an irreducible representation k of K on 
p (see Proposition 1.1 and Corollary 1.2 in [Achab 2011]). In particular, 
the group L, which is the preimage of the structure group of V by the 
covering, acts on p by the restriction of n. 

2) There is H G 3(1) the center of I = Lie(L) such that dn{H) defines a 
grading of p given by 

p = p_ r © p_ r+ i © ... © p © ... © p r -l © p r 

where pi = {p G p | d,K,(H)p = ip} is the set of homogeneous polynomials 
of degree i + r in p. In particular, p_ r = C, p r = C • Q, P-r+i — Pr-i — ^ 
are simple I- modules and more precisely, when r 7^ 1, V := p-r+i is the 
dual of V and V 7 := p r -i = ^(c)p-r+ij where j is the conformal inversion 
on V and a its preimage in K by the covering map s : K — > Conf(F, Q). 
In the special case r = l,we denote by V = p_ r and V°" := p r . 

3) Lie(L) © V© V a carries the structure of a complex simple Lie algebra 
q (see Theorem 8.1 in [Achab 2011]). One constructs a non compact real 
form 0k of g, of Hermitian type, starting with a Euclidean real form Vr 
of V. The construction also yields a compact real form of the group 
L. It turns out that we obtain in this way (see table 3 in [Achab 2011]) 
all the simple real Lie algebras of Hermitian type which possess a strongly 
minimal real nilpotent orbit, i.e. such that O m in H Qr 7^ 0, where O m i n is 
the minimal nilpotent adjoint orbit of q. Recall that from a point of view 
of representation theory, the condition that C m i n fl Qr 7^ is natural, since 
it is a necessary condition for a simple real Lie group with Lie algebra 0r 
to admit an irreducible unitary representation with associated complex 
nilpotent orbit O m i n (see Theorem 8.4 in [Vogan, 1991]). 

Recall that when V is simple, the map v 1— > trace(v) is (up to a 
scalar) the only linear form on V which is invariant under the group 
Aut(V) of automorphisms of V. Let r G p- r +i be this linear form 
and denote by r a = k(g)t G p r -i, and observe that for v G V, 
r(v) = tr(v) and r a (v) = A(v) 2 tr(— v -1 ). In the Lie algebra structure of 
= Lie(L) © V © V 7 , one has 

[H,r] = (l-r)r , [H, r°\ = -(1 - r)r° [f,f°] = \H. 
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The two L-orbits H := L.r C V and E a := L.r a C V a are conical 
varieties , related by H CT = k(ct)H and correspond respectively to m i n fl V 
and O m in H V 7 in such a way that m i n D VV = S U H CT . They admit a 
coordinate system 

r 

X := {P(a) \ a = Yl a i c i I «i G C, Re(ai) > . . . > Re(a r ) > 0, Im(ai) > . . . > Im(a r ) > 0} 
i-i 

where {ci, . . . , c r } is a complete system of orthogonal primitive idem- 
potents in Vr. 

The map 7r(<r) : 0^) ->• 0(H), f 7 ^ 7r(<7)/ CT , where Tr^)/ 47 ^) = 
/ ct (k((t)^) is an isomorphism. In the coordinate system, it is given by: 
tt(<t) : 0(A) 0(X), 0(P(a)) h- ^(a" 1 ))- 

The L-action on H and on H* 7 yield representations 7r a and 7r^ of 
L on the spaces 0(H) and 0(H°") of holomorphic functions and then 
representations 7r Q and 7r^ of L on the space O(X). The isomorphism 
vr(cr) intertwines these representations. 

Along the paper, The rank r will be assumed > 1. The case r = 1 will 
be considered separately, at the last section. 

The subspaces . s_ (H) (resp. . m_ (""")) of fixed degree of ho- 
mogeneity — ^rj) in the fiber direction are irreducible L-modules. Ho- 
mogeneity in the fiber direction allows to identify the space ( ™ (S) 
(resp. 0__s_(H <7 )) with the subspace m (A) C 02m (C r ) of holomor- 
phic functions on A, homogeneous of degree m. Also, the subspaces 
0__m i (H) (resp. 0__m i (H a )) of fixed degree of homo- 

(r— 1) 2(r — 1) (r — 1) 2(r— 1) 

geneity — ^rrij — 2 (r-i) m ^ ne fiber direction are irreducible L-modules. 

Homogeneity in the fiber direction allows to identify 0__m 1 (H) 

(resp. O rn 1 (H a )) with the subspace m+ i (A) C 2m+ i(C r ) of 
holomorphic functions on A, homogeneous of degree m + \. 

We consider the subspace 0(A) of 0(A) of the functions such that 
o P extends to a holomorphic function on C r . And then consider the 
corresponding subspaces 0(H) and 0(H CT ) of 0(H) and 0(H CT ) and denote 

rn (S) := -(H) n 0(H), 

V ' (r-1) V ' V /' 

m i_(S) := m j_(S) n 0(H), 

(r-1) 2(r-l) V ' (r-1) 2(r-l) V ' X ' 

and similarily, 

^(H* 7 ) := -^(H' 7 ) n 0(H <7 ), 

(r-1) V 7 (r-1) V ' \ n 

ffi ^(H' 7 ) := m ^(H a ) n 0(H CT ). 

(r-1) 2(r-l) V ' (r-1) 2(r-l) V ' X ' 
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It turns out that for m < 

= O 

(r-l) 2(r-l) 



(r-l) V 7 - ( r _l) - 2(r— 1) V 7 L J 



and 

C ^(Z a ) = (D m i (S <J ) = {0}. 

(r-l) V > - ( r _l) - 2(r-l) V 7 L J 

There exist L^-invariant inner products on the spaces 

G__^_(S) ~ O m (X) and 0-^(5") ~ O m (X) ( m > 0), 

which have reproducing kernels H 2m+r+1 anc l Ha^ m \ and, there exist 
L^-invariant inner products on the spaces 
O m i (S) ~ O m+ i(X) and 0_ m i (£ CT ) ~ O m , i (X) (m > 0), 

~ (r-l) ~ 2(r-l) V 7 ™+2 l 7 I^T) ~ 2(r-l) V 7 ™+r 7 V — <" 

which have reproducing kernels _ff 2m + 2 + r anc i H^ m+2 \ where 
#(z) = r(* + zz)imdH a (z) = T°{f + zz). 

Adding the kernels H 2m+r+1 and H 2m+2+r (resp. #" (m) and tf" (m+ ^)| 
with arbitrarily chosen non-negative weights yields a multiplicity free 
unitary L^-representation on a Hilbert subspace of 0(E) ( respectively 
0(3*)). 

For the representation p, the polynomials p G W act by multiplication 
and the polynomials p G W a act by differentiation on the spaces of finite 
sums 

fin (S) := Oodd (3) eCWi (S) 

where 



and 



0even(5):= E 0-^(3) = E OnPQ 

m6N m6N 

dd(5):= E 6_~_r{E)= E Om+jW 



Similarily, for the representation p a := 7r(cr)p7r(cr), the polynomials 
p G act by multiplication and the polynomials p G W 7 act by 

differentiation on the spaces of finite sums 

Ofi„(S CT ) := O odd (Z°) © CWS*) 

where 

Oeven(S-):= E 0-^(5") = E O m {X) 

men men 

and 

o oAA {~°)-.= E 0_^_^(s-) = E o m+h (x). 

men ( } ( } men 
In particular, for E := r and F := r a in W, the operators 

p(E),p(F),p a (E),p C7 (F) are L-equivariant. 
Since ^ 

[#,£] = (l-r)£ , [jf,F] = (r-l)F , [E,F] = \H 
then, for i7 := ——^H, we have 

[tf,E] = -2£ , [H,F] = 2F , [£,F] = ^# 



and the number a is chosen such that [p(E),p(F)} = ^d-K a {H). This 
allows to the maps 

p: W^End(0 &D (Z)),p^p(p) 

and 

p° : W ->• End{0^)),P ^ P ff (p) 

to complement c/7r Q and dit^ to representations <i"7r a + p and c?7r^ + p CT 
of g = Lie(L) + W on Cfi n (S) and Cfi n (S' T ) respectively . 

Furthermore, it is possible to determine a set of weights such that the 
restrictions of dir a + p and dn° + p a to g^ are infinitesimally unitary. 
Moreover, Nelson's criterion can be used to show that these representa- 
tions integrate to the simply connected Lie group Gr with Lie algebra 
dm- 

The two representations so obtained are realized on Hilbert spaces H 
and W 7 of holomorphic functions on S and £°\ The reproducing kernel 
of % is given by H(z, z') r+1 exp(H(z, z')). The space T-L is a weighted 
Bergman space. The norm is given by an integral on C r with a weight 
given by p(z) = H(z) r+1 ex.p(—H(z)). 

The recent work by J. Hilgert,T. Kobayashi, J. Mollers and B. Orsted, 
(see [HKMO, 2012]), consists in constructing with a different method, 
Schrodinger and Fock models for minimal representations of Hermitian 
real Lie groups of tube type and the authors obtained a nice formula for 
the intertwinning operator, the Bargmann transform, between the two 
models. 

Our method works for all simple Hermitian real Lie groups which admit 
minimal representations. It leads to some 'universal' Fock space. Since 
it is based on the same theory than that considered in the case of simple 
real Lie groups of non Hermitian type, we can consider that the papers 
[Achab 2012] and the present one give a unified theory for the 'universal' 
Fock model of the minimal representations of simple real Lie groups. 

Our theory of 'universal' Fock models for minimal representations of 
simple real Lie groups allows to obtain first the classical Fock models 
by using the Cayley transform, and second the Schrodinger models by 
restriction principle of holomorphic functions to natural suitable real 
spaces. This view point will lead to a bridge between our theory and 
the [HKMO, 2012] theory. This will be the subject of a next paper. 
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1. Construction process of complex simple Lie algebras and 
of simple real Lie algebras of Hermitian type. — 

Let V be a simple complex Jordan algebra with rank r and dimension 
n and Q the homogeneous polynomial of degree 2r on V given by 
Q(v) = A(v) 2 where A is the Jordan algebra determinant. Let 

Str(y, Q) = {ge GL(V) | 3 7 (g) G C, Q(g ■ x) = j(g)Q(x)}. 

The conformal group Conf(V, Q) is the group of rational transformations 
g of V generated by: the translations z i— > z + a (a G V), the dilations 
z i— > £ ■ z {I G L), and the conformal inversion j : z i— > —z~ l . 

Let p be the space of polynomials on V generated by the translated 
Q(z — a) of Q, with a G V. Let k be the cocycle representation of 
Conf(T/,Q) or of a covering K of order two of it on p, defined in [All] 
and [AF12] as follows: 

Case 1 

In case there exists a character x of Str(V, Q) such that x 2 = 7, then 
let K = Conf(V, Q). Define the cocycle 

»(g,z) = X ((Dg(z)- 1 ) (geK, zeV), 

and the representation k of K on p, 

(K(g)p)(z) = fiig' 1 , z)p(g- 1 ■ z). 

The function n(g)p belongs actually to p (see [Faraut-Gindikin, 1996], 
Proposition 6.2). The cocycle p(g,z) is a polynomial in z of degree 
< deg Q and 

( K (Ta)p)(» = p(z - a) (aeV), 
W)p){z) = xWpV- 1 ■ z) (£eL), 
(K(j)p)(z) = Q(z)p(-z- 1 ). 

Case 2 Otherwise the group K is defined as the set of pairs (g, n) with 
g G Conf(V, Q), and p, is a rational function on V such that 

»{zf = ^Dgiz))- 1 . 

We consider on K the product ((71, ^i)(5 r 2, ^2) = (fl'i^2,A t 3) with ^3(2;) = 
/ii(p 2 • z)fx 2 (z)- For ^ = G define z) := ^(z). Then z) is 

a cocycle: fx(gig2,z) = fx(gi, g 2 ■ z)/i(g2, z), where g- z = g-z by definition. 
Recall that the representation k of K on p is irreducible and 

(K(g)p) (z) = nig' 1 , z)p(g- 1 ■ z). 
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Observe that since the degree of Q is even it follows that the inverse in 
K of a = (j, Q(z)) is a. 

Let L be Str(V, Q) in the first case or the preimage of Str( V, Q) by the 
covering map s : K — )• Conf(V, Q)., in the second case. It is established in 
[All] that there is H G 3(1), where I = Lie(L) which defines a grading of 

p = p- r © p_ r+ i © ... © p © ... © pr-1 © Pr, 

where 

pj = {p G p I d/c(.H> = jp} 

is the set of polynomials in p, homogeneous of degree j + r. Furthermore 
K,(a) : pj — > p-j, and 

p_ r = C, p r = CQ, p r _i~V, p_ r+ i~F. 

Observe that p- r +i is the space of linear forms on V, p r _i = {«(ct)t | r G 
p_ r _i_i} and for a linear form r on V, 

K(a)r(z) = /\{z) 2 t{-z- 1 ). 

Assume r^l and denote by W = V © V a where 

V = p_ r+ i , V a =p r - 1 . 

Then (see Theorem 8.1 in [All]) q := [ © W carries a unique simple Lie 
algebra structure such that , 

(i) [X,x'] = [x,x'] e (1,1'el), 
(u) [X, p] = rf K (X)j9 (X el, P eW). 

In fact, for every p G V, there is a unique X p G t_i such that 
p = cIk(X p )Q and for every p a G V CT , there is a unique A" pCT G ti such 
that p a = dK,{X p cr)l (see Lemma 1.1 in [All]) and one defines the bracket 
\p,p°]:=[X p ,X p «}. 

Let's consider the linear form r : z 1— > tr(z) = trace(z), which is the 
unique (up to a scalar) K-invariant linear form on V, with K = Aut(V) 
the automorphism group of V. Then r a (z) = Q(z)t(—z~ 1 ). Observe that 
in the case r = 1, r equals — r CT . 

Denote by 

E = r and F = t° 
and let Xe G t± and Xp G J_i such that 

£ = ck(X E )l and F = dn{X F )Q. 
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Then, there is a G V such that for every t G C, exp(tX F ) is the 
translation r^ a : V — > V, v h- >■ v + ta or a preimage r^ a of such translation by 
the covering map. Furthermore, since E = n(a)F, then exp(tX^) equals 
3 ° Tta o j or artocr. Since for z eV, 

F ( z ) = i U=0 Q ( z + to ) = = 2Q(*)tr(*- 1 a) 

then a = — |e, where e is the unit element in V, and, conformally to the 
notations in [FK94] page 209 for the elements of the Kantor-Koecher-Tits 
algebra t, 

X F = (~e,0,0) ■= (u2,T 2 ,v 2 ) 

and 

XE = (0,0,~e) := (u u T uVl ) 

and it follows that 

[X jt ,X P ] = (0,T,0) 

with T G to = ( given by 

T = -2(u 2 o ui) = - J(eo e) = -^zdy = iff. 

Now, since 

[tf,£] = (l-r)£ , [H,F] = (r-l)F , [£,F] = ±tf 
then, for H := jz^H, we have 

[H,E] = 2E , [#,F] = -2F , [E,F] = ^H. 

In the special case r = 1, we denote by V := pi and V a := p_i. and by 

F{z) = Q{z) = z 2 and E(z) = 1. 
Then, for if := —2H, we have 

[if, £] = 2£ and [H, F] = -2F. 
we consider the Lie algebra structure on q := I © V © V a such that 
[E,F] = H. The Lie algebra g is then isomorphic to s\ 2 (C). This special 
case will be be the subject of the last section. 

Recall now the real form g R of g which will be considered in the sequel. 
It has been introduced in [All] . We fix a Euclidean real form Vr of the 
complex Jordan algebra V, denote by z i— > z the conjugation of V with 
respect to Vr, and then consider the involution g \-t g of Conf(V, Q) given 
by: g ■ z = g ■ z. For (g, /j,) & K define 



{g, n) = (g, fit), where n(z) = n(z). 

The involution a defined by a(g) = aga~ l is a Cartan involution of K 
and := {g G K \ a(g) = g} is a compact real form of X and it follows 
that Lr := L fl 1£r is a compact real form of L. Observe that, since for 
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g G Str(V), j o g o j = g', the adjoint of g with respect to the symmetric 
form (w | w') = t(ww'), then 

L R = {/ G L | s(l)s(l)' = id v }. 

Let u be the compact real form of g such that Idu = Ir, the Lie algebra 
of Lr. Denote by Wr = u fl (zu). Then, the real Lie algebra defined by 

0K = fa + VVr (*) 

is a real form of g and the decomposition (*) is its Cartan decomposition. 

Since the complexification of the Cartan decomposition of gR is g = 
I + W and since W is a sum of two simple l-modules, it follows that the 
simple real Lie algebra jjr is of Hermitian type. One can show that 

W R = { P eW\P(p)=p}. 

where we defined for a polynomial p G W, p = p(z), and considered the 
antilinear involution f3 of W given by /3(p) = K,(a)p. In particular, E + F 
belongs to Wr. 

The next table gives the classification of the simple real Lie algebras 
0r obtained in this way. They are exactly the simple real Lie algebras of 
non Hermitian type which satisfy the condition m m H g ^ 0. 

In case of an exceptional Lie algebra g, the real form gR has been 
identified by computing the Cartan signature. The integer n is > 3. 



9 



V Q \ g [ R q r 



c 


z 2 C 




sl(2,C) 


iR 


su(l,l) 


c n 


A(z) 2 so(n,C)g 


)C 


sl(n + 2,C) 


so(n) © % 


R so(n,2) 


Sym(r, C) 


det(z) 2 s((r,C) © 


. C 


sp(r,C) 


su(r) © 


iK sp(r,M) 


M(r, C) 


det(z) 2 s((r,C)® 2 


©c 


sl(2r,C) 


5u(r)® 2 6 


D «K su(r, r) 


Skew(2r,C) det(z) *[(2r, C) i 


B C 


so(4r, C) 


5o(2r) 


so*(4r) 


Herm(3, O) 


det(z) 2 e 6 (C) © 


c 


e 7 (C) 


e 6 (K) © 


iR e 7 (-25) 
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From now on assume r^l. Let S and S CT be the L-orbits of r and r a : 

S = {k(0t I I G L} C V , S CT = {/t(/)r cr | I G L} C V 7 . 

They are conical varieties and related by S CT = k(<j)E. 

Recall that the structure group Str(Vfo) of the Euclidean real form Vr 
of V can be written 

Str(Vfc) = K R A R K R 
where K R =Aut(V R ) is the automorphism group of V R and 

r 

A R = {P(a) | a G 7Z+} with TZ + = {a = Yl a i°i I °i — • • • — a r > 0} 

i=l 

and where P is the quadratic representation and {ci,...,c r } is a 
complete system of orthogonal primitive idempotents in V R (see [FK94], 
p. 112). It follows by complexification that the structure group of V can 
be written 

Str(V) = KAK 

where K = Aut(V) is the automorphism group of V and 

A = {P(a) \aeTZ} 

with 

r 

= i a = Yl a i c i | «i G C, Re(oi) > . . . > Re(a r ) > 0, Im(ai) > . . . > Im(a r ) > 

i=i 

Recall that jP(a)j~ 1 = P(a)' the adjoint of P(a) and that P(a)' = 
P(a) and P(a)~ 1 = P(a~ 1 ) for a G 1Z. Using the relation 

:centerlineA((7 • v) = Det(g) ™ A(v) for g G Str(V), 

we deduce that a polynomial £ G S and a polynomial £ CT = k(ct)£ G S ct 
can be written 

f (*) = k(Iz)t(z) = Bet(P(a))-^T(P(a)z) = A(a)- 2 T(P(a)z) 

and 

^( z ) = K(l^)T a (z) = Det(P(a))"r <J (P(a- 1 )^) = A(a) V (Pia'^z). 

Hence we get for each of the two orbits S and E a a coordinate system 

X := {P(a) \a=J2 <H* e £}• 
i=i 

In this coordinate system, the cocycle action of L is given by the 
following : for I G L, let s(Z) = k\P(a{l))k2 where s : L — > Str(V, Q) is the 
restriction of the covering map s : K — > Conf(V, Q), a{T) G It, k\ , &2 G if, 
then 

k(Z) : P(a) ^ P(a(/))" 1 P(a) = P{P{a{l))~^ ■ a) 
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Observe that n(a) acts on these coordinates as follows: 
n(a) : 3 3", £(z) = A(a)- 2 r(P(a)^) h- (*) = A(a) V^a)" 1 *)- 



Let a be an arbitratry real number. The group L acts on the spaces 
0(E) and 0(E a ) of holomorphic functions on 3 and S CT respectively by: 

(7r a (Z)/)(0 = A(o(Z)) 2a /(«(Z)- (r - 1) 0) 

and 

«(o/)(D = A(a(o) 2Q /(«(o- (r - 1) r)). 

If = A(a)- 2 r(P(a)z) and / G 0(H), we will write /(£) = (/>{P(a)). 
Similarily, if £ CT (z) = A(a) 2 r <J (P(a)- 1 z), and f a G £>(5 CT ), we will write 

r (n = r(p(o)). 

In the coordinates P(a) with a G 1Z, the representations 7r Q and 7r^ are 
given by 

7f Q (Z) : 0(P(a)) H- A(a(0) 2 XP(P(a(Z))-^ • a)) 

and 

tT(Z) : 0(P(a)) h. A(a(Z)) 2 >(P(P(a(/))^ ■ a)). 
Consider now the isomorphism 

7v(a):0(E)^0(E-)J^n(a)f 

where 

It intertwines the representations 7r Q and 7r^ of L, i.e., for all Z G L 

7 r( ( 7)7r Q (Z) = <(Z)7r(a). 
In the coordinates P(a), the isomorphism 7r(cr) is given by: 
n(a) : O(X) O(X), 0(P(a)) H- ^(a" 1 )). 
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2. L^-invariant Hilbert subspaces of 0(E) and 0(E a ). In 
this section, we determine the irreducible L^-invariant Hilbert subspaces 
of the spaces of holomorphic functions 0(E) and 0(5°") . 

For every meZwe denote by 
O m_(H), 0_ m _ i (S)andC m_(H ff ), 0_ m _ i (S* 7 ) 

(r- 1) V n (T^TJ 2(r-l) V 7 (r-1) V " IT^JJ 2(r-l) V 7 

the spaces of holomorphic functions / on S and f a on S CT respectively 
such that for every A G C*, 

/(A-0 = A-^/(0, 
/(A.^) = A-(^)-^T)/(0 

and 

f(A.n = A-^/T). 

r (A.r) = A-i^)-^T)r(r)- 

These spaces are invariant under the representations 7r a and respec- 
tively 7Tq. Observe that for £ e H given by £(2) = A(a)~ 2 r(P(a)2), and 
AeC*, 

A • £(2) = A(z/ • a)" 2 r(P(i/ • a)z) with A = z/" 2 ^" 1 ). 
It follows that for / in O 222— (S) or in 0_ . m 1 _ (S) , and for f a 

(r— 1) (r— 1) 2(r— 1) 

in O or in 0__m 3_(S°"), their corresponding functions </> 

( r — 1) (r — 1) 2(r — 1) 

and CT on X satisfy the homogeneity properties 

• P(o)) = ^ m ^{P{a)) or • P(a)) = ^ m +^(P(a)) 

and 

CT (>P(a)) = fj, m (f) a (P(a)) or CT (/x • P(a)) = // m+ s</> CT (P(a)), 
in such a way that the correspondances 

/(£) H- 0(P(a)) and h- <^(P(a)) 

map the spaces (9 m_(S) and (9 ^—(S ") to the space 

m (X) := {0 e I (f>(fjiP(a)) = ^ m </>(P(a))} C 2m (C) 
and the spaces 0_r R 1 (5) and 0__ ni 1 (E a ) to the space 

(r-1) 2(r-l) V ' 2(r-l) V ' 

O mH (X) := {4> E 0{X) I 0(/iP(a)) = /i-+*0(P(a))} C 2m+1 (C r ) 

Denote by 7r Q m , 7r„ ™ , 1 and 7T; 7 , 71-°" x the restrictions of the 

representations 7r a and 71^ to the spaces 
O m_(S), O m 1 (5) and O z^(E a ), O m 1 (Z*). 

(r-1) V 7 ' - (r-1) ~ 2(r-l) V ' (r-l) V " ~ ( r -l) ~ 2(r-l) V 7 ' 

and denote by 7f a ,m 5 ^a,m+± an d ^ m+± *he corresponding 

representations on the spaces O m (X) and O m+ i(X). 
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Since for every function <fi G 0{X), the function a \-¥ 4>{P{a)) is 
holomorphic on the open set U C C, we denote by O(X) the set of 
such functions which extend to holomorphic functions on C r and let 
and 0(E a ) be the spaces of the corresponding functions on the orbits H 
and S CT . 

Then denote by 

O m (X) = O m (X) n O(X), and o m+l {x) = O m+ ,(X) n O(X), 
and put 

a__ s _(s) = a(s)no_ I ^_(s), 

o m i (s) = o(s)nO m i (s), 

~ (r-l) ~ 2(r-l) V 7 V 7 ~ (r-1) ~ 2(r-l) V 7 ' 

and 

c ^(S' 7 ) = of-' 7 ) n o M^), 

(r-l) V ' X ' (r-l) V ; ' 

d m i_(z a ) = d(E a ) n c m ^(s CT ). 

(r-l) 2(r-l) X 7 V 7 (r-l) 2(r- 1) X ' 

Observe that the spaces O m_ (£) , and m 1 (S) are stable by 

^ (r-l) V 7 ' ~ (r-l) ~ 2(r-l) V ' J 

the representations 7r Qjm and 7r a;m+ i and that the spaces 0_je_.(S' t ) and 
C m i (S) are stable by the representations ix° m and 7r°" . i . 

~ (r-l) ~ 2(r-l) v ' J a ' m a,m+i 

Theorem 2.1. — 

(i) For m < 0, 

= i_(S) = {0} 

(r-l) V ' (T^TJ 2(r-l) V 7 L J 

and 

(ii) T7ie functions <f) o P for (j) in O m (X) U O m+ i(X) with m > are 
polynomials on C r . 

(iii) T7ie spaces O m (X) and O m+ i(X) with m G N are /mite dimen- 
sional, and the representations vf Qi 2m ; ^a,2m+i and 7r^ 2m , ^"a,2m+i are 
irrea'itci&fe. 

Proof, (i), (ii) In fact, let f in (9 or in (9 m i (5) and 

J V " V 7 ' J (r-l) V 7 -X^TTJ" 2(r-l) V 1 

(f) in (9 m (X) or in O m+ i(X) the corresponding function on X. Since the 
function z G C r >->■ (f>(P(z)) is holomorphic at 0, it admits a power series 
expansion given by 

4>{P{z))= Yl a kl ... kr z^...z^. 

(fcl,...,fcr)6N'' 

Furthermore, using the homogeneity property, one obtains 

X 2m Yl a kl ... kr z k ^...z^.= J2 fl *i-*rA fcl 
(fei,...,* r )er (fci,...,fc r )eN r 



ki+...+k r fci 

. . . ^ r 



I 
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or 

\2m+l n, , y kx ? k r — n, , \kl + --- + k r k t h 

A a k 1 ...k r Z 1 . . . Z r . — Z\ ■ ■ ■ Z r 

(fci,...,fc r )efr (fc 1 ,..,fc r )€N'' 

which implies that for every A, 
or 

i.e. k\ + . . . + k r equals 2m or 2m + 1, and then m > and o P is a 
polynomial on C r . 

(iii) Recall (cf. [FK94)) that s(L) = KAN, where K = Aut(F), 
A = {P(a) | a G 1Z\, and iV is the subgroup generated by the elements 

r 

tq{z^ := exp(2z^ oc-,), with = Yl z jk G ®l =j+1 Vjk and where 

k=j+i 

y = ®j,kVjk is the Pierce decomposition of V with respect to the 
complete system of primitive orthogonal idempotents {c±, . . . ,c r } and 
where xoy = L(xy) + [L(x), L(y)], L(x) being the left multiplication 
operator V — > V, v (->■ xv. The group N is then the unipotent radical of 
s(L). 

The subspaces 

{0 G <5 m (X) | Vn G iV, Tt a , m (n)4> = </>}, 
{0 G O m+ i (X) | Vn G iV,7r Q , m+ i (n)0 = 0}, 

and 

{<Ped rn (X)\\/neN,^,m(n)<p = <p}, 

{</> G <5 m+ iP0 I Vn G iV,^ m+ i (n)0 = 0}, 

reduce to the functions C • A(z) 2 ? in the even case and to the functions 
C • A(z) ^ + 27 in the odd case, hence are one dimensional. By the theorem 
of the highest weight (see [G08]), it follows that the spaces O m (X) and 
O m+ i (X) are finite dimensional and irreducible for these representations. 

D ' 
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We now define L^-invariant inner products on the spaces 
O m^(S), O m i (S)andC O m i 

F= 1) V " ~ (r-l) ~ 2(r— 1) V 7 F= 1) V " ~ (r— 1) ~ 2(r- 1) V 7 

Let 

1 1 

H(z,z') = r(-e + zz') , #(z) := flYz, z) = r(-e + zz) 
r r 

and 

^ tr (2r,z / ) = r ff (-e + ^) , H a {z) := H a {z, z) = T a {-e + zz). 
r r 

Proposition 2.2. — For I e L R 

|Det( S (/))| = |A(a(/))| 2 = l 

and 

H{l-z) = H{z) , H a {l ■ z) = H a {z) 
where we recall I ■ z = s(l) ■ z by definition. 

Proof. In fact, since I belongs to Lr if and only if IV = idy, it follows that 
for I G Lr, 

|Det( S (0)| = |A(a(0)| 2 = l, 



t{(1 -z)-{1- z)) = r((lV) ■ zz) = t(zz). 
Define the two norms of a function G (9 m (X) by 

m=^" / |^(^))| 2 ^W- (2m+r+1) (^) 



D 



and 



lm,a = — / |0 ff (PW)| 2 ffWj a(m) m(cfa) 
and the two norms of a function (j) G m+ i (X) by 

— / \4>{P{z))\ 2 H{z)-^+ 2 + r \dz) 



m+2 a m+ i JCr 



and 



* / \<j>°(P(z))\ 2 H a (z)-«^m(dz) 

2 a m+±a JC r 
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where we identify z = (z±, . . . , z r ) G C r with z = z i°i e ^? a(m) is 



a suitable integer, m(dz) is the Lebesgue measure and where the positive 
constants a m , a m+ i, a m>(J , a m+ i are given by 



a m = / ff(2)-( 2m+r+1 )m(^), 
a m+ i = / ff(*)-( 2 ™+ 2+ ^m(«V), 



and 



/ H a (z)- a{rn) m{dz), 
a m+ha = [ H a (z)-^ m +^m(dz). 



Proposition 2.3. — 

(i) These norms are L^-invariant. Hence the normed spaces 

(O m (X),\\.\\2 m ), (O m+ i (X), ||.||2m+l), (O m (X), \\.\\ m , a ), (O m+ 1 (X) , || . || 2m+l,a) 

are Hilbert subspaces ofO(X). 

(ii) TTie reproducing kernels of the spaces 

6 2^(2), m 1 (H), ^(Z a ),d m 1 

(r-1) V " --pTT) ~2(r- 1) V (r-1) V " ~ X7=T) ~ 2(r- 1) V ' 

are respectively given by 

JC 2m (P(a),P(a')) = H(a,a'r m+r+1 , 
K 2m+1 (P(a),P(a')) = tf(a,a') M+r , 
£ 2 m,a(P(a),P(a')) = ^(a,a') a(m) , 
£ 2m+1 , CT (P(a),P(a')) = # CT (a,ar (m+ ^. 

Proof, (i) In fact, for / e Lr, 

lk«,m(0A» = — / k^(/)^(^))l 2 ^)- (2m+r+1) m(^) 

= — f |A(a(O) 2 0(P(a(/))-^ • z))\ 2 H(z)- (2m+r+1 ^m(dz) 
= — f \<P{z)\ 2 H(P{a{l))^z')-^ m+r+ ^m{d{P{a{l))h')) 

|A(a(/))|^|0(^)| 2 ^(^(«(O)^^)" (2m+r+1) w(^') 



D 



\m' 



17 



Since the spaces O ™ (5) and O ™ (S a ) are isomorphic to 
O m (X), and the spaces 0__ ni 1 (5) and 0__ Sk 1 (E a ) are 

(r — 1) 2(r — 1) (r— 1) 2(r — 1) 

isomorphic to m+ i(X), the spaces 
m_(H), m i (5) and 6 «^(S (T ), (5 m i (5 g ) 

(r-l) V <" _ (r-1) ~ 2(r- 1) V 7 (r-l) V ~ (r-l) ~ 2(r-l) V 7 

become invariant Hilbert subspaces of 0(E) and (9(S <T ) respectively , 
with reproducing kernels given by: 

jc 2rn (t,o = mo 2m+r+1 , }c 2rn+1 (^a = ma 2m+r+2 , 

and 
where 

= > *„(&0 = (^ = p(o),^ = p(o / )). 

Theorem 2.4. - T/ie group acts multiplicity free on the spaces 
0(E) and 0(5°") . TTie irreducible L^-invariant subspaces of 0(S) and 
of 0(E a ) are the spaces 0__el_(S), O _ _m_ _ _j_ (E) and respectively 

6 rr^CE' T ),d m 1 (S' 7 ). Wjtk TTl £ N. 

(r-l) V ; ' ~C^TT) ~ 2(r- 1) V 7 ' 

IfHc 0(S) and T-L a C 0(S CT ) are L^-invariant Hilbert subspaces, the 
reproducing kernels of T-L and 'H a can be written 



/c(e,o = e c™mo 2m+r+1 + E w^(^') 2m+r+2 

m6N m6N 

and 

M*,o = E w<Me,er (m) + E ^ + iA(^r (m+ ^, 

m6N m6N 

where (c m ), (c m+ i and (c mj0 .),(c m+ i ) are sequences of positive numbers 
such that the series 

E c m $(^') 2m+r+1 + E c m+ i$(^') 2m+r+2 

m6N m£N 

and 

E w<M£,0 Q(m) + E Wi,Att.O a(ra+i) 

m6N m€N 

converge uniformly on compact subsets in S and S°" respectively. 
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In case of a weighted Bergman space there is an integral formula for 
the numbers c m , c m+ i and c miCr , c m+ i a . For positive functions p and p a 

on C r , consider the subspaces H C O(S) and W C of functions c/> 

such that 

|(/>(P(a))| 2 p(a)m(da) < oo, 



and 



/ |0(P(a))|V(a)m(da) 



< oo, 



Theorem 2.5. - Let F and F a be positive functions on [0, oof, and 
define 

p(a) = F(H(a))H(a) 



and 



p a (a) = F a (H a (a))H a (a) 

(i) Then H and % a are L^-invariant. 

(ii) For 0(P(a)) = E^n^TO) + E m€ N^m + i(^(«)), 



= E ^-Il^"*||lm+ E ~~ Yll^m+illL^ 

m6N m m£N m +l 

and /or 0*(P(a)) = £ m6N <(P(a)) + E m6N 1 (P(a)), 



with 



— = na m [ F(u)u 2m du, — ^— = 7ra m+i / F(n)n 2m+1 a\ 

c m V[0,+oo[ C ™+5 2 >^[0,+oo[ 

/ F a (u)u 2m du, = 7 va m+ i^ [ F a (u)u 2m+1 c 

«/[0,+oo[ C m+i,cr 2 ' J[0,+oo[ 



1 

= TTCLrn.a 



Cm, a 

(iii) The reproducing kernels ofH and 'H a are given by 



and 



2m+2+r 

m6N m6N 



) 

m€N m£N 
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Proposition 2.6. — 

1 



a m+ i = 7r r 



(2m + r) . . . (2m + 1) ' 
1 



"2 (2m + r + l)...(2m + 2)' 

Proof. In fact, 

a m = / tf(^-( 2m+r+1 )m(^), 

= / (i + N 2 + ... + K| 2 )- (2TO+r+1) , 

= vr r / (2p 1 )...(2p r )(l + p 2 + ... + p 2 )-( 2m + r + 1 ) ( ip 1 ...rfp r , 



7T 



1 



(2m + r)...(2m + l) 



and 



= / (l + |*i| 2 + ... + WV 2ra+P+2) i 

= 7r r / (2 Pl )...(2p r )(l + p 2 + ... + p 2 )-( 2 ^+ 2 )rf Pl ...^ r , 



7T 



+ 

1 



(2m + r + l)...(2m + 2) 

D 

3. Representations of the Lie algebra. — 

In the sequel, we construct representations p and p a of the Lie algebra $j, 
which will be the infinitesimal versions of the two (non unitary equivalent) 
minimal representations. Recall that the group L acts on the spaces 0(E) 
and 0(E a ) respectively by: 

(7r a (0/)(O = A(a(0) 2a /(«(0- (1 - r) 

and 

K(orxo = A(a(o) 2a r («(o- (1 - r) r). 
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It follows that L acts on the space O(X) by: 

7r„(0 : 0(P(a)) H- A(a(/)) 2a 0(P(P(a(/))" i ? : • a)) 

and 

tS(Z) : 0(P(a)) h. A(a(/)) 2 >(P(P(a(/))^ • a)). 

This leads by differentiation, to representations dn a and dn^ of the Lie 
algebra I in the spaces C(S) and 0(S CT ) and representations d7t a and <i7f^ 
of the Lie algebra I in the space O(X). 

We will construct two representations p and p a of g = I + W on the 
spaces of finite sums 

o fin (s) = y a_ ^(s) © v ^(~), 

imv / (r-1) v ' ( r _i) 2(r-l) V 7 

m£N m£N 

and 

OzJ~7) = V 0__™_(H ,T ) ®VO m _ i 

V 7 (r-l) V ; Z-^l ~-i~F=T) 2(r-l) V 7 

respectively, such that, for all X e I, 

p(X) = d7f a (X) and ^(X) = c^(X). 

We define first a representation p of the subalgebra generated by 
E, F, H, isomorphic to sl(2, C). 
In particular 

p(H) = dTr a (H) = j t \ t=o 7r a (eMtH)). 

For A G C, denote by l\ the dilation V — > V, v >->■ Av. Since /a = P(v^Ae), 
i.e. o.(/a) = \/Ae, then , for A = exp(— yz^t), 

7r a (exp(tP")0(P(a)) = A(a(/ A )) 2a ( />(P(v / A 1 " r e)P(a)) 

r 

r — 1 
and then 

p{H)<j>{P{a)) = 2a-^—{<P o P)(a) + £(0 o P)(a) 
r — 1 

where £ is the Euler operator (£<p)(P(a)) := -p, <fi(P(u ■ a)). 

We denote by 02m(C r ) and 02m+i(C r ) the subspaces of 0(C r ), images 
of O m {X) and O m+ i [X) by the isomorphism <fi h-> o P. 
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= exp(2a^— t)0(P(e t a)) 



Let p(E) : 0^ n {X) — > Oa n (X) be the multiplication operator which 
maps O m (X) to O m+ i(X) and O m+ i(X) to O m+1+ i(X) and defined by: 

p{E):4>{P{z))^ l -CT{z*)4>{P{z% 

and let p(F)j. Oa n (X) — >■ Ofi n (X) be the differential operator which maps 
O m (X) to O m _i(X) and m+ i(X to O m _ 1+ i (X) given by and defined 
by: 2 - 2 2 

p(F):0(P(z))^I c .r(^)(0oP)(z). 

Lemma 3.1. 

\p(H),p(E)] = 2p(E), 
[p(H),p(F)] = -2p(F) 

and [p(E) , p(F)] = p(H) if and only if a= \ and c = v ' r 2 ~ 1 . 
Proof. Since 

p{H)4>{P{a)) = 2a^— (0 o P)(a) + £{0 o P)(a) 
r — 1 

then 

p(# : 0(PW) H- ^c(2a 7 f T (r(^)(0 o P)(z)) + (£)(r(^ 2 )(0 o P)(z)), 

p(F)p(H) : (j)(P(z)) h. ^ C r(z 2 )(^)(2a ;: f T (0oP)(a) + (^)(0oP)(a)), 

and using the identity 

£(r(z 2 )(0 o P)( Z ) - r(^ 2 )£(0 o P)( Z ) = 2r(z 2 )(0 o P)(z), 
one obtains 

{p(H),p(E)]:<j ) (P(z))^2 t -(T(z*)(<PoP)( z )) 

i.e. 

[p(^),p(S)] = 2p(E). 

Similarily, 

p(H)p(F) : 0(P(z)) h. l^^ + OWpJ^oP)^)), 
p(F)p(H) : cf>(P(z)) h. ^r(^)(2a-f T + £)(0oP)(*), 
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and using the identity 

^(p)(^oP)(z) - r(^)£)(^oP)(z) = -2r(^)(^oP)(z), 



one obtains 



[p(H),p(F)} : 0(P(z)) h. i c (-2(r(^)(0oP)(z)) 



i.e. 

[p(#),p(F)] = -2p(F). 



p(£)p(F) : 0(P(z)) H- -Jc 2 r(z 2 )r(^)(^oP)(z), 

p(F)p(£) : 0(P(*)) H- -lc 2 r(^)(r(^)(0oP)(z), 
and using the identity 

t(z 2 )t{^){4> o P)(z) - r(^)(r(z 2 )(0 o P)(z) = (-2r - 4£)(<j> o P)(z), 
one obtains 

[p(i?),p(P)]:0(P(z))^ C 2 (ir + ^)(0oP) W . 

It follows that [p(F),p(F)] = ^p{H) if and only if 

a = and c = i v/r 2 ~ 1 ■ 

D 

For p G V CT , define the multiplication operator p(p) : Ofi n (X) — > 
Ofi n (X) which maps 6 m (X) to O m+i (X) and 6 m+ i(X) to O m+1+ i(X) 
given by 

p(p) : <P(P(z)) H- -^^p(z 2 )0(P(z)). 

For p CT = ft(cr)p G V, define the differential operator p(p a ) : Oe, D (X) — >■ 
C fin (X) which maps O m (X) to O m _i(X) and O m+ i(X to 6 m _ 1+ i(X) 
given by 

ptf) : 0(P(z)) H- 

Observe that these definitions are consistent with the definitions of p(F) 
and p(F) and that 
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p(k(1) P ) = 7r Q (/)p(p) 7 r Q (/- 1 ) and p{ti{V)p°) = 7r a (/)p(p CT )7r a (/- 1 ). 
Recall that, for Ifl, p(X) = div a (X). Hence we get maps 
p: = [©W^End(0 fin (S)) 

and 

p° = n(<T)(m(a) :g = t © W ^ End(O fln (S CT )) . 
Theorem 3.2. — 

(i) p and p a are representations of the Lie algebra g. 

(ii) The spaces O even (E) and C dd(S) are invariant and irreducible 
under p. 

(iii) The spaces O even {'E a ) and Oodd^ ") are invariant and irreducible 
under p° '. 

(iv) p and p a are sums of two irreducible representations. 

Proof Proof, (i) Since ir a is a representation of L, for X, X' e I, 

[p(X),p(X')] = p([X,X'}). 
Furthermore, one can show that, for X £ G W, 

[p(X),p(p)] = p([X,p]). 
Since V and are abelian, It remains to show that, for p e V,p' G V' 7 , 

[p(p),p(p')] = p(b>p'])- 

Since [p(i?),p(F)] = p(if). Then, consider the map 

A: VAV fJ ^End(C fin (S), 

defined by 

X(pAp') = [p(p),p(p')}- p(\p,p'}). 
We know that X(E A F) = 0. It follows that, for g £ L : 

\( K (g)EA K (g)F)=0. 

Since the representations k of L in V and in V 7 are irreducible, and E and 
i 7 " are highest and lowest vectors with respect to P max := NA in V and 
V a respectively, the vector E A F is cyclic in V A V 7 for the action of L. 
Therefore A = 0. 
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(ii) Let U 7^ {0} (resp. W 7^ {0}) be a p(g)-invariant sub- 
space of O even (E) (resp.(9 dd(S)) . Then U and IA' are /9([)-invariant. 
Since O even (E) = Ylm=o^rn(X) an< ^ as ^ ne subspaces O m (X) are 
irreducible, then there exists IcN(I^0) such that U = Emex ®rn(X). 
Similarily, since o dd(S) = J2m=oOm+±(X) an d as the subspaces 
O m+ i(X) are p(l)-irreducible, then there exists 1' C N (X' 7^ 0) such 
that W = Emex ®m+± P0- Observe that since p(E) maps O m (X) to 
O m +i(X) and maps m+ i(X) to O m+1+ i(X), it follows that if U (resp. 
W) contains O m {X) (resp. C? m+ i(X)) , then it contains O m +i{X) (resp. 
O m+1+ i(X))too. 

Furthermore, since p(F) maps m (X) to O m -i(X) and maps O m+ i (X)| 
to O m _ 1+ i(X), it follows that if U (resp. W) contains O m (X) (resp. 
O m+ i(I)) , then it contains O m -i(X) (resp. O m _ 1+ i(X)) too. There- 
fore m = m' = 0, then U = C even (S) and W = C Q dd(S). Q 

4. Unitary representations of the corresponding real Lie 
group. — 

We consider, for two sequences (c m ), (c m+ i) and similarily for two 
sequences (c m)Cr ), (c m+ 1 :si£/ma ) of positive numbers, an inner product on 
Cfi n (S) and an inner product on Ofl n (S cr ) such that 



m6N ° m m£N C ™+5 



and similarily, 



E 



-m,<r 



-110. 



|2 

I 2m, cr 



+ 



E 

m£N 



■110. 



m+i Il2m+1,<T5 



for 

<KP{°))= E 0m(P(a))+ E ^J^a))- 

m£N m£N 

These inner products are invariant under Lr. We will determine the 
sequences (c m ), (c m+ i) and (c mj(J ), (c m+ 1 ^ sigma ) such that these inner 
products are invariant under the representations p and p a restricted to 
0K) respectively. We denote by "H and "H^ the Hilbert space completion 
of Ofi n (S) and of Ofi n (Z a ) with respect to these inner products. We will 
assume cq = ci = co,<r = ci jC7 . = 1. 
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Theorem 4.1. — 

(i) The inner product of H is Q^-invariant if 

Cjy) — To TT Q/fhd C, r 



-™ (2m)! (2m+l)! ' 

(ii) The reproducing kernel ofH is given by 

/C(£,0 = H(z,z'Y +1 exp(H(z,z')) (£ = P(a),£' = P(a')). 

Proof, (i) Recall that Wr = {p G W | = p}, where /3 is the 

conjugation of W, introduced at the end of Section 1. Recall also that 

(3(K(g)p) = K(a(g))(3(p). 

The inner product of H is g^-invariant if and only if, for every p G W, 

P(P)* = -p(/?(p))- 
But this is equivalent to the single condition 

p{Ff = -p{E). 

which is equivalent to the following two conditions: 
(1) for every G m (X), 0' G (5 m+1 (X), 

' -(p(E)$\$) = - — (0|pW), 



Cm+l C m 

(2) for every G O m+ i (X), 0' G m+1+ i (X), 



' ■(p(E)0|0') = --^-(0lp(^)0 / )- 



C m+l+i C™±1 



Recall that the norms of O m (X) and O m+ i(X) are given by: 

= — / 1(0° P)(z)\ 2 H(z)- ( - 2m+r+1) m(dz) 

a m J 



2 

2m 



and 



2 

2m+] 



! = — *— / |( ( / ) oP)(z)| 2 i/(^)-( 2m + 2 + r )m(^) 

Then, the required conditions of invariance become 

/ T(z 2 )((j) o P)(z)(ft^PY^H(z)- {2m+r+3) m(dz), 



— f{<PoP)){z){r(^){4>'oP){z)H{z)- {2m+ ^m{dz), 

n^ra J \OZ / 

— [ (0oP))(z)(r(|^)(^P))(i)^)- (2m+r+1) m(^), 

nO-m J \OZ / 
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and 



/ r(z 2 )(<Po P)(z)((j)' o P)(z)H(z)- (2rn+ ^m(dz), 

ia m+1 , i J 



C m+l + i a m+l + 



where we used 



[^oP))(z)(r(^)^'oP)(z)H(z)-( 2m+2 +^m(dz), 

c m+ ia m+ i J \dz 2 J 

/ (0o P))(z)(t(^)(0> o P))(z)H(z)-( 2m+2+ ^m(dz: 

h a m+h J OZ ' 



(r (£) (0/OP))(z) = (r (S) (0/ ° P))W - 

By integrating by parts: 

(0 o P))(,s) r (_) (0' o P)(z)H(z)-( 2m+r+ Vm(dz) 

= - Jj<P o P))(z)W^PW)(t (J^) (H(z)-( 2m+r+ V)m(dz), 

and 

J (0 o P))( Z ) T (^SL^ (0' o P)(z)H(z)^ 2m+2+ ^m(dz) 

= ~ J (0 o P))(z)W o P)(z)( T ( J^) (H(z)-^ +2+ r) )m (dz) , 



and using the relations 

d 2 



r(|^) (if(z)-( 2m+r+1 )) = (2m + r + l)(2m + r + 2)(T(z 2 )H(z)- ( - 2m+r+3 \ 
and 

T^yH(z)-( 2m+2 + r ^) = (2m + r + 2)(2m + r + 3)(r(z 2 )H(z)-^ 2m+4+r \ 
the invariance conditions can be written 

/ r(z )(0 o P)(z)((f)' o P)(z)H(z) 

(2m + r + l)(2m + r + 2) J q P))(z) ( ^ p)( , ) g(z) -(2 m+r+ 3) 



C 



? 
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and 

C m+l + i a m+l + 

- ic r 

(2m + 2 + r)(2m + 3 + r 



/ r(z 2 )(<Po P)(z)((j)> o P)(z)H(z)- (2rn+ ^m(dz) 

ia m+1+ i J 

J r(z 2 )((j) o P))(z)(jp o P)(z)H(z)-( 2m + 4+r ^m(dz), 



C 

and these are equivalent to 

1 1 

= (2m + r + l)(2m + r + 2) 

and 

1 



(2m + 2 + r)(2m + 3 + r)- 



C m+l + i a m+l + -i C m+i a m+i 



Since from Proposition 2.6, 



(2m + r)...(2m+l)' 

and 



a m+ i = ?r 



1 



'2 (2m + r + l)...(2m + 2) 
it follows that 



(2m + r + 2) . . . (2m + 3) (2m + r + l)(2m + r + 2) (2m + r) . . . (2m + 1) 
and 

C m+l + i C m+i 



I 



(2m + r + 3) . . . (2m + 4) (2m + 2 + r)(2m + r + 3) (2m + r + 1) . . . (2m + 2) 
i.e. 

1 



I 



C m +1 — 



(2m + l)(2m + 2) 

and 



1 

Cm+1+ ^ ~ (2m + 2)(2m + 3) Cm+ 5" 

It follows that 



Cm ~~ (2m)! an< ^ C ™+| ~~ (2m+l)P 
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(ii) By Theorem 2.5 the reproducing kernel of H is given by 



^2m+2+r 

^ 2m! V ; ^ 2m + 1 )! V ' 

men v ' men v y 



= ^(z,^) r+1 exp(^,^)), 
= e(l + tr(^')) r+1 exp(^(^')) 



D 



A similar result can be obtained for the representation p° ' . One needs to 
calculate the constants a mjCr and a m+ i ^ and then determine the suitable 
numbers a(m). 

In the following, we will see that the Hilbert spaces "H and 'H cr are 
weighted Bergman spaces. It means that the norm of </> G "H and the norm 
of G W are given by an integral of |0| 2 with respect to positive weights. 

Theorem 4.2. — For <\> eH, 

= [ mP(z)\ 2 p(z)m(dz), 

with 

p(z) = F(H(z))H(z) = H(z) r+1 exp(-H(z)) = -(1 + tr(zz)) r+1 e ~ tr ^ . 

e 

The integral is absolutely convergent. 
Proof. 

a) In fact, from Theorem 2.5 it follows that if the norms of H and 7i a 
are respectively given by: 



and 

|2 



= / mP(a))\ 2 p(a)m(da) 
a / |^(P(o))| 2 p (T (o)m(do) < dc. 



< oo 



with F and F a positive functions on [0, oo[, and 

p(a) = F(H(a))H(a) , p a (a) = F a (H a (a))H a (a), 
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then 

1 

= TV 

'[() 

F(u)u 2m+1 du, 



2 1 2 

and 



2 >" 1 2 

Since 



— = 7T / F(u)u 2m du, 

a m J[0,+oo[ 

— ="/ 

+ ia m+ i y [0> . 

= 7T / F^K^ck, 

Cm,<jQ>m,<j «/[0,+oo[ 
•/fO,+oo[ 



C m + i,<T a m + i,cr ^[0, + oo[ 



! = (2m)! — (2m + r) . . . (2m + 1) = —(2m + r)!, 



a m c m vr r vr r 

and 

= (2m + 1)! — (2m + r + 1) . . . (2m + 2) = —(2m + 1 + r)!, 

a m+ lC m+ l 7T r 7T 5 " 

it follows that 

= — (l)2m+r 

= CT(2m + r + 1) 

/•OO 

= C / w 2 ™+ 
Jo 

and 



OO 



a m+ ic m+ i 7T 



1 

(lj2m+l+r 



= CT(2m + r + 2) 

/>oo 

= C / u 2m+1+r e~ u du. 



By inversion of the Mellin transform, one obtains 

F(u) = u r e~ u 

and then 

p(z) = H(z) r+1 eM-H(z)) = ^(1 + tr(^)) r+1 e- tr(2 ^. 
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b) Let us consider the weighted Bergman space V, 1 whose norm is given 

by 

\\ = [ \4>{P{z))\ 2 \p{z)\m{dz). 



By Theorem 2.5, 



oo ^ oo ^ 

1 = ^ 11^™ II 2m + ~A II ^ m II 2mH- I • 

m=0 m 



with 



and 



1 r°° 

= C / \F{u)\u 2m du 

a mC m Jo 

i r°° 

— = C / \F(u)\u 2m+1 du 



Obviously < c m , and c^ +i < c m+ i, therefore "H 1 C "H. We will show 

that "H C H . For that we will prove that there is a constant A such that 
Cm < A ■ c m and c m+ 1 < A • 1 . 
Since -F(it) > 0, then for uq ^ 0, 

POO />0O l-UQ 

/ \F{u)\u 2m du< / F(w)w 2m ^ + 2 / \F(u)\u 2m du 
Jo Jo Jo 



and 



f«0 

\F(u)\u 2m+1 du < I F(u)u 2m+ du + 2 I \F(u)\u 2m+1 du. 



Hence 

1 1 f u ° 
— <— + 2a m u 2m \F(u)\du 

C m C m JO 
1 1 /" UQ 

1— < +2a m+l u 2 ™ +1 / |F(u)|du. 

C m+ i C m+i - ^0 



and 

fUQ 



It follows that the sequences a m c m u 2rn and a m+ i c m+ 1 Mq™ - " 1 " 1 are bounded. 
Therefore there is a constant A such that 

< A—, and^- < A — - — , 

and this implies that H C Hi. 

A similar result can be obtained for the representation p a . One needs 
to calculate the constants a m)Cr , a m+ i , c m)Cr , c m+ 1 and determine the 
function j j 
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Let Gf be the connected and simply connected Lie group with Lie 
algebra and denote by Lr the subgroup of Gr with Lie algebra [r. It 
is a covering of Lr. We denote by s : Lr — >■ Lr,<7 the canonical 

surjection. 

Using Nelson's criterion, in a similar way than for Theorem 6.3 in 
[AF12], one obtains: 

Theorem 4.3. - There is a unique unitary representation tx of Gr 
on H and a unique unitary representation Tv a of Gr on 'W such that 
dm = p and din a = p° . 
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5. The s( 2 (R)-case.. - 

In the special case r = 1, since r a (z) = —t(z) = —z, we denote by 
F = Q G V := pi and E = 1 G V CT := p_i. Then for H := -2H, we have 

[H, E] = 2E and [H, F] = -2F 

and then consider the Lie algebra structure on q := [© V@V a such that 
[E,F] = H. In this case g is isomorphic to s^C) and the real form 0r 
is isomorphic to su(l, 1). The structure group of V = C is Str(V, Q) = C* 
acting by dilations l\, and, since for A G C*,Q(\ ■ z) = X 2 Q(z), then 
K = Conf(V, Q) and L = Str(V, Q). The orbits S and S CT are given by 

S = {kCZJ^Q I ^ G C*} = {z • Q | z G C*}, 

E a = {nil' 1 )! \ z eC*} = {- -1\ z e C*}. 

z 

The variety X is here given by X = {z G C* | Re (z) > 0} and then 
O(X) = 0(C), the space of holomorphic funtions on C. Since every 
( 6 S can be written £(v) = (\/z)~ 2 Q(P(\/z)v) and every G S°" can 
be written £ a (v) = (\/z) 2 Q(P(\/z 1 )v) where P(u) = u 2 is the quadratic 
representation of V = C, we deduce that the coordinates P(a) correspond 
here to P(a) = z, i.e. a = y/z and the isomorphism tt(<j) maps <p(z) to 
<j){\). It follows that for m G N 

' O m (E) = 2m (C) = G 0(C) | • z) = ^(z)} = C-z 2m 

and 

O m+ i (3) = 2m+1 (C) = {V 7 G 0(C) I Mi • z) = v 2m +^(z)} = C ■ z 2m +\ 

n 

Then 0fl n (S) = {^(z) = X] a kZ k I a k G C}. The norms on the spaces 

fc=0 

O m (H) and m+ i (H) are respectively given by: 

U\\lm=— [ \^z)\ 2 H(z)- {2m+2) dz, 
0-m Jc 

H\\tm + 1=-^— [ \Hz)\ 2 H(z)-^ + ^dz 

where H(z) = r(e + zz) = 1 + \z\ 2 and 

a m = / (1 + N 2 )- (2m+2 W = tt-^— , 
Jc 2m + 1 

a m+ i = / (1 + |^| 2 )-< 2 ^+ 3 >^ = yr — ^ . 

m+ 2 Jc 2m + 2 
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The reproducing kernel of the space (C? m (S), || • || 2m ) is given by 

K(z,z') = (l + zz') 2m+2 . 
The reproducing kernel of the space (O m+ i (S), || ■ ||2m+i) is given by 

K(z,z') = (l + zz'f 



2 



The representation 7r a of L on 0(E) = (9(C) is given by 
Ka{l\)<f>{z) = X°'(j)(X~ 1 ■ z). 

It follows in particular that for A = e _t , we have 7T a (l\)cf)(z) = e _ta 0(e* -z), 
then 

d7r a (H)(f)(z) = -a<p(z) +£<j>{z). 

The representation p is given by 

p{E)4>{z) = \z 2 ^z\ 

and 

p{H)^{z) = d'K ol {H)^{z). 

Since 

it follows that for a = — |, we have 

[p(£),p(F)] = C Mtf). 

The invariance condition p(F)* = —p(E) is equivalent to the two 
following conditions: 

f z 2 <P(z)Wizj(l + \z\ 2 r {2(7n+1)+2) dz = 

[ cp(z)-^^{z)(l + \z\ 2 )^ 2m + 2 Uz 
Jc vz 
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and 



f z 2 <P(zW(z)(l + \z\ 2 )-^ m+1 ^dz 

a m+l + i C m+l + i JC 

/ 4>( z )^p(zj(l + \ z f)-(z™+Vdz, 



which are equivalent to 



and 



/ z 2 (f } (z)<P'(z)(l + \z\ 2 )-( 2m+4 Uz = 

— f cf>(z)W(zj^(l + \z\ 2 )- {2m+2) dz 

a m Cm Jc dz 2 

! z 2 <P{zW{z){l + \z\ 2 )- {2rn+ ^dz = 

a m+l + i C m+l + i JC 

I <P(z)W{z)^(l + \z\ 2 )- (2m+ ^dz. 

m+ iC m+ i ./; dZ z 



Since 



° 2 (1 + |^| 2 )-( 2 -+ 2 ) = (2m + 2) (2m + 3)z 2 (l + | z |2)-(2(m+i)+2) j 



dz 2 
and 

J^(l + |^| 2 )-( 2 -+ 3 ) = (2m + 3) (2m + A)z 2 (l + \ z \ 2 )-( 2 (™+i)+3) ? 

it follows, after an integration by parts, that the invariance conditions can 
be written 

1 x 1 
= (2m + 2) (2m + 3) 

and 

= (2m + 3)(2m + 4) . 

a m+l + i C m+l + i a m+i C m+i 

Finally, using the formulas a m = 7r 2m 1 +1 and a m+ i = 7r 2m 1 +2 , we get 
(2m + 3)—*— = (2m + 2)(2m + 3)(2m + 1) — 

Cm+l 
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and 

1 1 

(2m + 4) = (2m + 3)(2m + 4)(2m + 2) 

C m+l + i °™+\ 

i.e. 

1 1 

= (2m + 3)(2m + 2) 

C m+l + i C ™+5 

and it follows that 



1 



"2 (2m + 1)!' 

The representation d%i + p integrates to a unitary representation of 

SL(2,1R) in the Hilbert space representation "H, the completion of Ofi n (S) 
with respect to the norm given for 4> = Yl + Yl ( t ) m+-i by 



2 = — H0m||!m+ S r^lkm+lllL+l, 

m6N Cm m6N C ™+5 



and the reproducing kernel of % is given by: 

K{z,z') = ■^H(z,z') rn+2 = H(z,z') 2 e H(z ' z '\ 



mi 

m6N 



Furthermore the Hilbert space H is a weighted Bergman space and its 
norm is given by 



2 = 1 / \<p(z)\\l + \z\ 2 ) 2 e-\ z \ 2 m{dz). 
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